Reaction-diffusion systems may lead to the formation of steady state heterogeneous spatial patterns, known as Turing patterns. Their mathematical formulation is important for the study of pattern formation in general and play central roles in many fields of biology, such as ecology and morphogenesis. In the present study we focus on the role of Turing patterns in describing the abundance distribution of predator and prey species distributed in patches in a scale free network structure.
I. INTRODUCTION
Reaction-diffusion systems, in which two or more species interact locally and diffuse through the medium, have long been focus of studies in many different fields, such as Physics, Chemistry and Biology. Part of the interest in these systems is related to their potential to form self-organized spatio-temporal patterns, like traveling and spiral waves [1] or stationary patterns, called Turing patterns [2] .
Working on the problem of morphogenesis [3] Turing derived general analytical conditions for the formation of stationary patterns in reaction-diffusion systems under a mechanism today called diffusion driven instability (or Turing instability). Despite the specific nature of the original problem, the work led to a large number of applications in chemistry and biology, both theoretical [4] [5] [6] [7] [8] [9] and, more recently, empirical [10] [11] [12] . A key theoretical contribution was provided by Mimura and Murray [6] , who applied Turing's idea to understand patchiness in continuously distributed predator-prey populations.
Recently, Nakao and Mikhailov [13] proposed a discrete version of the prey-predator model of Mimura and Murray [6] in which the species are organized in patches, instead of being continuously distributed in space. The patches are represented by nodes of a complex network such that predators and preys interact locally in each patch and diffusion occurs through connected nodes. The Turing patterns obtained in [13] present significant differences when compared to the ones obtained in the analogous system which considers space as a continuous medium.
In the present work, we extend of the model of Nakao and Mikhailov [13] by considering food chains with more than two species. We study the dynamics of several pairs of preys and predators that interact by consuming common preys. We show that the Turing patterns of population density displayed by the system present nontrivial correlations in the abundance distributions. In particular, we observe the emergence of strong competition between preys of adjacent species in the food chain, despite the fact that no direct competition between them are included in the equations. These correlations are strictly related to diffusion and correspond to a new mechanism of apparent competition, driven by Turing instabilities instead of local interactions. We characterize these patterns using numerical simulations and mean field approximations. We also discuss the relevance of these results to patterns of species distribution in real trophic systems.
II. DYNAMICAL MODEL
In order to consider more complex reaction diffusion systems we extend the model introduced by Nakao and Mikhailov [13] to food chains composed by several species of preys and predators. We assume that each prey species has a primary predator associated to it, forming a pair. The pairs in the food chain are hierarchically coupled by secondary predation relations. Thus, the prey in the first pair is consumed by its main predator and also by the predator in the second pair, though with the lower intensity γ. Similarly, the prey of the second pair is consumed primarily by its associated predator and also by the predator of the third pair, and so on. Only the last species of prey in this ordered chain is consumed exclusively by its main predator as, illustrated by the diagram in figure 1.
The environment where these interactions take place consists of a network of patches.
Species-species interactions, as described by the food chain, occur locally in each patch and the coupling between patches is exclusively due to diffusion, which is possible if the patches are connected in the network. The equations describing this dynamical system are given by:
where u The functions f and g describe the local interaction between preys and predators of each pair (also called reaction functions). The terms proportional to γ represent the secondary predation relations between adjacent pairs and the parameter φ accounts for the ratio between predator gain and prey loss in the secondary interaction.
The parameters and σ are, respectively, the prey mobility and the ratio between predator and prey mobilities. The matrix L stands for the Laplacian matrix and accounts for the diffusion of populations across connected sites. For undirected networks L is symmetric As a simplification, we consider that the intrinsic growth rate of all prey species are the same, as is the intrinsic death rate of all predator species. In that manner, the functions f and g and the parameters associated to these functions are the same for all pairs.
The functions f and g are chosen according to the model of Mimura and Murray [6] :
where a, b, c and d are positive parameters that will be fixed to a = 35, b = 16, c = 9 and d = 0.4 throughout this paper [6] .
Both the prey per capita growth rate and the pradator per capita death rate are density dependent. The hump effect that can be noted in the prey growth in f represents what in
Biology is called the Allee Effect [19] [20] [21] , describing a positive correlation between population density and per capita growth rate in small populations. The linear function related to the predator per capita death rate accounts for intraspecific competition in the predator population.
The possibility of observing Turing patterns for these equations must be evaluated via linear analysis. Here we show the analysis for the case of a single prey-predator pair. The general case with n pairs is slightly more complicated, but can be done following the same lines.
III. LINEAR STABILITY ANALYSIS
In this section we briefly review the stability analysis of network organized systems. For simplicity we consider only one pair of prey and predator, since the methodology generalizes immediately to the case of multiple pairs.
The equilibrium populations in the absence of diffusion, (ū,v), are the positive solution of:
For diffusion driven instability to take place, the equilibrium must be stable against small perturbations in the absence of diffusion ( = 0.0) and go unstable, when diffusion is considered.
be small perturbations to the fixed point (ū,v) at site i. Substituting (4) in (1) and linearizing, we obtain
where the derivatives are evaluated at the equilibrium.
Since we are dealing with network-organized systems, it is convenient to expand the perturbations in the basis formed by the eigenvectors of the Laplacian matrix, { Φ α } [13] .
Here α = 1, · · · , N represent different modes, in direct analogy with the Fourier modes that appear in continuous systems where the Laplacian is the usual operator ∇ 2 . We find
Substituting (6) in (5) and using
i , we obtain, for each mode α:
The matrix obtained in (7) 
IV. 2 SPECIES
We first review the case of two species as a reference to the more complex patterns we study in the following sections. We consider a network with N = 1000 nodes, constructed according to the Barabási-Albert model [14] . The populations of preys, u i , and predators, v i , defined in each node i, interact locally and diffuse through the network nodes according to the equations (1), with l = 1 (and u 
V. 4 SPECIES
The 4 species system is described by Eq.(1) with l = 1, 2 (and u However, this similarity is partly an illusion, having to do with the way the data is plotted.
Indeed, a new underlying pattern arises when difference between the prey abundances u
is plotted, as shown in figure 5 for different values of the coupling strength γ. In all cases it is possible to distinguish three main branches: the upper branch, where As γ increases the middle branch gets less populated and the nodes are dominated mostly by a single species of prey and predator. This corresponds to a strong effect of apparent competition driven by Turing instabilities. The more important is the secondary predation (which is kept weaker than the direct predation in the each pair), the stronger is the effect.
VI. 6 SPECIES
To investigate if the negative correlation between preys of coupled pairs also occur in larger trophic chains we consider a system with 6 species, again given by equation (1) Once again, for each prey species, the nodes cluster into groups of high and low abundances. The analysis of the correlations between different prey species, however, is now more involved. We first define the quantity:
where
indicates if the l-th prey population at node i has high (σ has large abundance display low abundances of both u (1) and u (3) and vice versa, showing the persistence of the negative correlation between preys of coupled pairs.
VII. DISCUSSION
We have studied the formation of Turing patterns in an extended prey-predator system, considering trophic chains composed of 1, 2 and 3 prey-predator pairs, coupled by cross predation and dispersing through the connected nodes of a complex network. We detected the emergence of negative correlations between the populations of preys of coupled pairs in each node, even though there are no direct competition between preys in the equations. This effect, known in Biology as apparent competition [24, 25] , is triggered here by the Turing instabilities, and not by the local interactions.
The description of fragmented landscapes as complex networks is relatively recent in ecology [15] . Although large landscape networks have been studied [26] , most of the empirical work has dealt with a relatively small number of patches [27] and it is not obvious that the patterns observed here for networks with N = 1000 nodes persist in smaller sets. We have checked that for N as low as 100 the same pattern of apparent competition can be clearly identified, but not so much for N = 50, which seems to be a limiting size for the present set of parameters.
Another important concern in the application of our results to realist ecological problems is the topology of the network. All numerical simulations presented in the previous sections were performed for networks exhibiting power law decay of the degree distribution, that results from the application of the Barabási-Albert algorithm. Natural landscape networks can exhibit significant heterogeneity in the degree distribution [16] , but are not necessarily scale free. In order to verify the robustness of our results against changes in the network topology we have also simulated networks with Poisson degree distribution, associated to random networks. We found that the negative correlations between preys still holds for N = 1000 and average degree k = 20.
The occurrence of Turing patterns in real ecological systems is still an open question.
This is in part due to the difficulties in conducting controlled ecological field experiments to distinguish between patterns related to space heterogeneity or to intrinsic mechanisms of the interaction. However, there is growing evidence of species distribution patterns formed by the Turing mechanism [17, 18] .
Our results point to the possibility that, at least in part, species abundance patterns might be related to Turing instabilities and not to environmental heterogeneity. Moreover, strong effects of apparent competition might emerge spontaneously as Turing patterns, resulting from diffusion instabilities and not necessarily from local interactions.
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